cuULUS OF VARIATIONS GENERALIZED CURVES AND FLOWS "
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The classical eoncept of a curve ¢ corresponds very closely to the curves that we see and
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draw; and such curves can twist and turn and zigzag back and forth; moreover they can have
highly complicated self-intersections. This is only the shadow. If we choose to substitute for it
the notion of curvilinear integral #{C}, it will become an element ¢ of our dual space €5(4).
This element, of course, we cannot see directly, but only by its shadow C. However, it is g and
not ¢ which obeys our criterion of simplicity, for g is a linear function of the new variable
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We have remarked more than once on the close connections between the calculus of
variations and a number of ideas that have had a profound influence on other parts of mathe-
matics. The preceding section shows that these connections are not all limited to mathematics,
and may take us into the much wider context of the great movements which have dominated
human thought. We wish to pursue this a little further, and to gain in this way some insight
into the nature and role of our dual space and of the curves that we have placed in it.

For this purpose, we shall speak of our curves as if they were not concepts, but beings like
ourselves, or, better, as if they were human lives, which do indeed present a certain analogy to
curves. We can perhaps imagine that in a variational problem it is perfection for a curve to
attain the hoped for minimum, and that a curve twists and turns in its eforts to reach per-
fection, A reader may well object to this image on grounds that a curve is something that we
d{aw or define by cold symbols, and that it is rather we ourselves who make it twist and turn
Wwith such an object. In this respect, we must request 2 mathematician’s right to a little
Vagueness, Alternatively, we can use the objection itself to strengthen our analogy by appealing
10 a once popular limerick, which refers to man as “An engine that moves along predestinate
§rooves—not a bus, but a tram,” According to this limerick our own striving is an illusion too,
Still, there is no reason why we should not talk of striving, even if something else is really doing
1tfor us, and if 50, we should certainly allow ourselves the same freedom when speaking of curves.

f.any event, it is well within the conventions of language: how else can a cold drawing become
2 living portrait, or for that matter, an ordered collection of alphabet letters become words
and thoughts? If these be fictions, then it is by such fictions that we live,
hus, all in all, 2 human life is perhaps rather like a curve, striving as it does for an oft
fattainable perfection: “The high that proved too high, the heroic for earth too hard, the
2ssion that left the ground to lose itself in the sky.”t The calculus of variations becomes then
of such striving; it is a very human calculus and our curves are very human curves.
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